A general method to extract exact cosmological solutions for scalar field dark energy in the presence of perfect fluids is presented. We use as a selection rule the existence of invariant transformations for the Wheeler De Witt (WdW) equation. We show that the existence of point transformation in which the WdW equation is invariant is equivalent to the existence of conservation laws for the field equations. Mathematically, the existence of extra integrals of motion indicates the existence of analytical solutions. We extend previous work by providing exact solutions for the Hubble parameter and the effective dark energy equation of state parameter for cosmologies containing a combination of perfect fluid and a scalar field whose self-interaction potential is a power of hyperbolic functions. Finally, we perform a dynamical analysis by studying the fixed points of the field equations using dimensionless variables. Amongst the variety of dynamical cases, we find that if the current cosmological model is Liouville integrable (admits conservation laws) then there is a unique stable point which describes the de-Sitter phase of the universe.
A general method to extract exact cosmological solutions for scalar field dark energy in the presence of perfect fluids is presented. We use as a selection rule the existence of invariant transformations for the Wheeler De Witt (WdW) equation. We show that the existence of point transformation in which the WdW equation is invariant is equivalent to the existence of conservation laws for the field equations. Mathematically, the existence of extra integrals of motion indicates the existence of analytical solutions. We extend previous work by providing exact solutions for the Hubble parameter and the effective dark energy equation of state parameter for cosmologies containing a combination of perfect fluid and a scalar field whose self-interaction potential is a power of hyperbolic functions. Finally, we perform a dynamical analysis by studying the fixed points of the field equations using dimensionless variables. Amongst the variety of dynamical cases, we find that if the current cosmological model is Liouville integrable (admits conservation laws) then there is a unique stable point which describes the de-Sitter phase of the universe.
INTRODUCTION
The discovery of the accelerated expansion of the universe (see [1] and references therein) has opened a new window in cosmological studies. Indeed, the underlying physical process responsible for this phenomenon is considered as one of the fundamental problems in cosmology. Within the framework of general relativity, scalar fields provide possible dark energy models which can describe, but not so far explain, the acceleration. This approach attempts to alleviate the coincidence and the cosmological constant problems of the standard cosmological model with a simple cosmological constant, Λ. Scalar field models require a choice of self-interaction potential V (φ) for the scalar field φ. Various candidates have been proposed in the literature, such as an inverse power law, exponential, hyperbolic and the list goes on (for review see [2] and references therein). As an example, Rubano and Barrow [3] (see also [4] ) found that if the scalar field behaves as a perfect fluid then one can show that the corresponding potential obeys V (φ) ∝ sinh p (qφ), where the constants q, p are given in terms of observable cosmological parameters, namely the dark-energy equation of state (EoS) parameter and Ω m0 . It is therefore important to develop a way of selecting potentials which are realistic and whose dynamics are exactly soluble in the FLRW spacetime.
This has inspired many authors to propose the Noether (point and dynamical) symmetry approach as a selection rule for dark-energy models, including those of modified gravity [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The underlying mathematical idea is that the geometry of the field equations can be used as a selection criterion in order to discriminate the dark-energy models [14] . One may check that the dynamical Noether symmetries are associated with the Killing tensors of the minisuperspace [16, 17] and the Noether point symmetries of the Lagrangian are related to the homothetic algebra of the minisuperspace (see [19] and references therein). Therefore, using the Noether symmetry approach one can extract conserved quantities (first integrals) which can be used to simplify a given system of differential equations and thus to determine the integrability of the system and finally solve it.
In this work by using a more general geometric criterion, employing the Lie symmetries of the Wheeler-DeWitt (WdW) equation, we attempt to extend the work of Rubano and Barrow [3] to a general family of hyperbolic scalarfield potentials V (φ). In section 2, we give the basic theory of the scalar-field cosmology in a FLRW spacetime. The basic definitions and results from the Lie and Noether point symmetries of partial differential equations and the application in the WdW equation are presented in section 3. In section 4, we consider our cosmological model, which includes a hyperbolic family of scalar field potentials with a perfect fluid with constant equation of state parameter w m . We study the existence of Lie point symmetries of the WdW equation, where we find that for our model the WdW equation admits Lie point symmetries if the free parameters of the potential and the parameter w m are related. In section 5 we apply the Lie point symmetries of the WdW equation in order to construct invariant solutions of the WdW equation and exact solutions of the field equations. Also, in section 6 we perform a dynamical analysis by studying the fixed points of the field equations in the dimensionless variables for the general model and we show that when the cosmological model is Liouville integrable (the model admits conservation laws), there is a unique stable point which describes the de Sitter universe. Finally, in section 7 we draw some conclusions.
SCALAR-FIELD COSMOLOGY
We start with the Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime with line element (c ≡ 1)
The total action of the field equations is written as
where S EH = dx 4 √ −gR is the Einstein-Hilbert action, R is the Ricci scalar of the underlying space, S φ is the action of the scalar field
and S m = dx 4 √ −gL m is the matter term. We assume that φ inherits the symmetries of the metric (1). The FLRW spacetime (1) admits a six dimensional Killing algebra [18] . Hence, the scalar field depends only on the cosmic time t and consequently φ ;ν =φδ 
where κ = 8πG, R µν is the Ricci tensor andT µν is the total energy momentum tensor given byT µν ≡ T µν + T µν (φ). T µν is the energy-momentum tensor of baryonic matter and radiation and T µν (φ) is the energy-momentum tensor associated with the scalar field φ. Modeling the expanding universe as a fluid (which includes radiation, matter and DE) with 4−velocity u µ , proper isotropic density ρ m and proper isotropic pressure P m givesT µν = −P g µν + (ρ + P )u µ u ν , where ρ = ρ m + ρ φ and P = P m + P φ . The variable ρ φ denotes the energy density of the scalar field and P φ is the corresponding isotropic pressure. Moreover the parameters (ρ φ , P φ ) of the scalar field are given by
For the FLRW spacetime, for comoving observers (u µ = δ µ 0 ), the Einstein field equations (4) are
and
where H(t) ≡ȧ/a is the Hubble function.
Furthermore, assuming that the scalar field and matter do not interact, we have the two conservation lawṡ
while the corresponding equation of state (EoS) parameters are given by w m = P m /ρ m and w φ = P φ /ρ φ . In what follows we assume a constant w m , so that ρ m = ρ m0 a −3(1+wm) (w m = 0 for cold matter and w m = 1/3 for radiation), where ρ m0 is the matter density at the present time. Generically, some high-energy field theories suggest that the dark energy EoS parameter may be a function of cosmic time (see, for instance, [21] ).
Replacing (5) in (9) we have the Klein-Gordon equation
where V ,φ = dV dφ . Furthermore the corresponding dark energy EoS parameter is
which means that when
On the other hand, if the kinetic term of the scalar field is negligible with respect to the potential energy, i.e.φ 2 2 ≪ V (φ), then the equation of state parameter is w φ ≃ −1. From the above analysis it becomes clear that the unknown quantities of the problem are a(t), φ(t) and V (φ) whereas we have only two independent differential equations available namely Eqs. (7) and (10) . Therefore, in order to solve the system of differential equations we need to assume an additional assumption which will determine the functional form of the scalar field potential V (φ). In the literature, due to the unknown nature of DE, there are many forms of this potential which describe differently the physical features of the scalar field (for instance see [2] [3] [4] [22] [23] [24] [25] [26] [27] [28] [29] ).
As far as the exact solution of the field equations (6), (7) and (10) is concerned there are few solutions with spatial curvature [30, 31] and even fewer solutions are known for a perfect fluid and a scalar field [16, [32] [33] [34] [35] . A special solution for a spatially flat FLRW spacetime (K = 0) which contains a perfect fluid with a constant equation of state parameter P m = (γ − 1) ρ m and a scalar field with a constant equation of state parameter w φ = γ φ − 1 = P φ /ρ φ , has been found in [3] . Specifically in [3] it has been shown that under these assumptions one solves the field equations and finds the potential V (φ):
Evidently, this solution is a special solution, in the sense that it exists for specific initial conditions, for example with w φ (z) constant. In the following we consider a spatially-flat FLRW spacetime with a perfect fluid P m = (γ − 1) ρ m and a scalar field and assume that the potential has the generic form
where V 0 , α, β, p,and q are constants. This potential (13) is a generalization of (12) and our aim is to provide the corresponding conservation laws which lead to exact solutions of the field equations for a particular relation between the constants p, q of the potential (13) and the barotropic parameter γ of the perfect fluid.
PRELIMINARIES
In this section, we show that if the WdW equation admits Lie symmetries which form an Abelian Lie algebra, then the WdW equation admits oscillatory terms in the solution specified by the dimension of the minisuperspace and the Hamiltonian system defined by the field equations is Liouville integrable; that is, the field equations can be solved by quadratures.
Lie symmetries and invariant functions
Consider the infinitesimal point transformations
with generator
is invariant under the action of the point transformation (14) , (15) if there exists a function λ such that the following condition holds [36] 
where
is the second prolongation vector of X. The fields η 
If condition (17) is satisfied, the vector field X is called a Lie symmetry vector for the differential equation
The importance of Lie symmetries is that each symmetry can be used to reduce the number of the dependent variables. When a reduction is possible, one determines invariant solutions or transforms them into other solutions [36] . From condition (17) we define the Lagrange system
whose solution provides the characteristic functions
is called the kth-order invariant of the Lie symmetry vector (16) . By writing the differential equation in terms of the invariants W
[k] , we can reduce the order of the differential equation.
Noether Symmetries
For differential equations which arise from a variational principle there exists a special class of Lie symmetries which are called Noether symmetries. Noether symmetries are the generators of one-parameter point transformations which transform the Lagrangian so that the Euler-Lagrange equations are invariant. The Noether point symmetries provide first integrals/conservation laws [36] .
The condition for a Noether symmetry is that there exists a vector field A i = A i (x i , u) such that the following condition is satisfied:
The corresponding Noether conservation flow I i is defined by the expression
and it is conserved, that is, it satisfies the relation D i I i = 0. As we discussed above, the method of using the Noether symmetries of the cosmological field equations has been applied by many authors in scalar-field cosmology, in f (R) gravity and other modified gravity theories. Recently [20, 37] , it has been proposed that the cosmological model will be determined by the existence of Lie symmetries of the WdW equation of quantum cosmology.
This selection rule is more general than that imposed by the Noether symmetries of the field equations. This is because it has been shown in [37] that the WdW equation is possible to admit Lie symmetries while the Lagrangian of the field equations does not admit Noether point symmetries. In the following we discuss the application of Lie symmetries in the WdW equation. Specifically, we discuss the reduction process and we show how to construct Noetherian conservation laws for a conformally related Lagrangian of the field equations from the Lie point symmetries of the WdW equation.
Minisuperspace and invariant solutions of the WdW equation
The Lagrangian of the field equations in minimally coupled scalar field cosmology in a spatially flat FLRW spacetime with a perfect fluid with a constant equation of state parameter
The field equations are the Euler-Lagrange equations of (23) with respect to the variables (a, φ) and are equations (7) and (10) . As the Lagrangian is independent of time, we also have the Hamiltonian constraint (6), which, in terms of the momenta
Finally, the field equations are equivalent to the following Hamiltonian system:
The WdW equation is the Klein Gordon equation which is defined by the conformal Laplacian operator. The general conformal Klein Gordon equation is:
is the Laplacian operator, g ij is the metric of the minisuperspace and n = dim g ij .
From Lagrangian (23), we see that the minisuperspace is
with dimension n = 2, and V ef f (a, φ) = 2a 3 V (φ) + ρ m0 a −3γ denotes the effective potential. Therefore, eq. (25) becomes
where the new Laplacian operator ∆ is defined by
In [20] , it was proved that the Lie symmetries of equation (25) are related to the conformal algebra of the minisuperspace g ij . More specifically, it has been shown that:
1. The general form of the Lie point symmetry vector is
where ξ i x k is a conformal Killing vector of the minisuperspace, with conformal factor ψ x k . 2. The Lie point symmetry condition which constrains the potential is L ξ V ef f + 2ψV = 0. Assume that equation (25) admits as Lie point symmetry the vector (29) . Then under the coordinate transformation
the Lie symmetry vector (29) becomes
There exist two equivalent methods to reduce the WdW equation by means of the symmetry vector (30) . a) In the first method we calculate the zero-order invariants from the Lagrange system (b = J),
which turn out to be
b) The second method is to write the Lie point symmetry as a Lie Bäcklund symmetry. The Lie symmetry (30) is equivalent to the contact symmetry (see [36] )
from which we obtain the differential equation
We set a 0 + a 1 = Q 0 and find that the solution of the reduced equation is
from which it follows again that the coordinate y J is factored out from the solution of the wavefunction Ψ y b , y J .
In the WKB approximation, Ψ x k ∼ e iS(x k ) the WdW equation reduces to a (null) Hamilton-Jacobi equation. The latter can be seen as the Hamilton-Jacobi equation of a Hamiltonian system moving in the same geometry under the conformal Laplace operator of the WdW equation and with the same potential. Specifically, the WdW equation (27) in scalar field cosmology provides the null Hamilton-Jacobi equation:
Furthermore, in [20] it was also shown that the symmetries of the WdW equation can be used in order to find Noether point symmetries for classical particles. However, the null Hamilton-Jacobi equation is separable if the ndimensional Hamiltonian system admits n conservation laws Φ I (symmetries) i.e. n corresponding Noether symmetries which are independent and in involution, i.e. {Φ I , Φ K } = 0 where {., .} denotes Poisson bracket. If this is the case, then the Hamiltonian system is Liouville integrable [38] . That means that it is possible for the WdW equation to admit an invariant solution and at the same time the classical Hamiltonian system to be not integrable. Therefore, in order for the WdW equation to admit an invariant solution and the Hamiltonian system to be Liouville integrable, the n-dimensional WdW equation must admit at least n − 1 independent Lie point symmetries, X I , which form an Abelian Lie algebra. If this is the case, the zero-order invariants of these n − 1 Lie symmetries will give the solution of the WdW equation in the form
where Q J are constants, J = 1, 2, ..., n − 1, and the function Φ (x n ) satisfies a linear second-order ODE. That is, when the field equations are Liouville integrable by Noether point symmetries then there exists a coordinate system where the WdW equation admits n oscillatory terms in the solution and vice versa. It is important to note that this result is more general and includes the one given in [10] when ψ x k = 0; that is, if one considers the Killing algebra of the minisuperspace only. We conclude that for the reduction/solution of the WdW we may consider directly the Lie point symmetries of the WdW equation which are given in terms of the CKVs of the space instead of restricting ourselves to the Noether point symmetries only, as has been done in [10] .
In the case of scalar-field cosmology (23) , where the dimension of the minisuperspace is n = 2, if the WdW equation (28) admits a Lie point symmetry then the field equations are Liouville integrable. Below, we study the Lie point symmetries and the WdW equation for the potentials of the form (13) which generalize the work done in [3, 4] .
LIE POINT SYMMETRIES OF THE WHEELER-DEWITT EQUATION
We are considering a scalar field cosmological model which contains a quintessence scalar field with the potential of Eq. (13) and a perfect fluid with equation of state parameter w m = (γ − 1). Under these assumptions the Lagrangian of the field equations (23) becomes
From previous work on Noether point symmetries in scalar-field cosmology [16] , and on dynamical symmetries, [16] we know that this Lagrangian admits conservation laws when a. The potential reduces to the exponential potential i.e. β = ±α and b. We have the so called Unified Dark Matter (UDM) potential (see Paliathanasis et al. [16] and references therein), i.e. p = √ 6 4 and q = 2 when the extra fluid is dust, namely (w, γ) = (0, 1). In the following we consider α = β which implies that the current analysis generalizes the previous works of [3, 16] . The Hamiltonian (24) of the field equations for the Lagrangian (38) in terms of the momenta p a and p φ becomes
and the WdW equation (27) is
Applying the results of [20] , we find that the second-order partial differential equation (40) admits the generic Lie point symmetry vector
where a 0 is a constant and
where the constants p, q, γ are related as follows:
That is, the effective potential of the field equations is
Therefore 16] ). If the perfect fluid is a barotropic fluid, that is the barotropic index γ ∈ [1, 2] then, from (44) , µ ∈ [−1, 0) since µ = 0. However, if we require the perfect fluid to have a negative equation of state parameter, like a cosmological constant, then γ ∈ [0, 2) which means that µ ∈ [−2, 0). Furthermore, when ρ m0 = 0, i.e. there is no extra fluid, we have that µ ∈ R * . In the following, we apply the Lie symmetry vector (41) in order to construct the invariant solution of the WdW equation (40) and to solve the null Hamilton-Jacobi equation of the Hamiltonian (39) in order to reduce the order of the field equations. In the following section we study the case αβ = 0 and in appendix B we present the general solution for αβ = 0.
EXACT SOLUTIONS FOR THE cosh / sinh POTENTIAL
In this section we determine the exact solution of the field equations and of the WdW equation for the quintessence scalar field. We consider the case α = 1, β = 0 (the case α = 0, β = 1 is equivalent to that case). In appendix B we consider the general case αβ = 0.
When α = 1 , β = 0 the scalar field potential is V (φ) = V 0 cosh √ 6 4 µφ
. We apply the coordinate transformation 1 :
the effective potential (45) becomes
hence the WdW equation is
In these coordinates the Lie point symmetry vector (41) is X = ∂ y + a 0 Ψ∂ Ψ . Therefore, the solution of equation (48) admits an oscillatory term, i.e. Ψ (x, y) = e a0y Φ (x) where
Furthermore, in the WKB approximation, Ψ ∝ e iS and equation (48) becomes
which is the null Hamilton-Jacobi equation which describes the field equations. The solution of (50) is
Therefore, the field equation is reduced to the following two-dimensional system,
In order to simplify the system (52) further we apply the transformation dτ = x 2 − y 2 1 µ +1 dt = a −3(µ+1) dt and the dynamical system becomes The exact solution of the system (53) is expressed in terms of elliptic functions 2 . We perform a numerical integration of the non-linear system (52) and in fig. 1 we give the evolution of the equation of state parameter for the scalar field w φ (a) and for the total fluid w tot (a) for various values of the constant c 1 in the case µ = −1. For µ = −1 the extra perfect fluid is dust, i.e. (w m , γ) = (0, 1). From fig.1 , we observe that the scalar field mimics the cosmological constant for small values of the constant c 1 , however for large values of c 1 the scalar field has an EoS parameter w φ > −1. Furthermore, from the evolution of w tot (a) we see that there is a matter-dominated epoch. However, as the parameter c 1 increases, this epoch has shorter duration. In what follows we study the case c 1 = 0 and express analytically the scalar field and the Hubble function in terms of the scale factor.
Subcase c1 = 0.
When c 1 = 0, from (52) we have y (t) = y 0 , hence from (46) it follows that x 2 = y 2 0 + a −3µ . Furthermore, from the transformation (46) and from (52) we find that
that is,
where we have set
Here, we would like to note that we call Ω Λ0 the density parameter of the cosmological constant-like term and Ω m0 the parameter of the perfect fluid 3 . Therefore, for the scalar field density ρ φ (a) we have:
Then (6) implies that
We note that if
If y 0 = 0, then (60) becomes E 2 (a) = Ω m0 a −3(µ+2) + Ω Λ0 which is obvious because when y 0 = 0, we have φ = 0 and V (φ) = V 0 , which means that the scalar field acts as a cosmological constant. Furthermore, from (59) and H (a = 1) = H 0 , we have the constraint
In the following section we consider special values of the barotropic constant γ = µ + 2.
Dust fluid versus the effective dark energy EoS
When the perfect fluid is dust then µ = −1, γ = 1 (w m = 0 for other cases see appendix A) Eq.(59) takes the following form
It should be mentioned that the last term ∆H(a) of the normalized Hubble function (62) introduces a cosmological constant-like fluid, dust and stiff matter. Furthermore, from (61) we have the following algebraic equation
, Ω Λ0 ∈ (0, 1], and because y 2 0 > 0 we have the solution
Let us now compute the effective dark energy EoS w φ,ef f for the scalar field model introduced above. Generally, it is well known that one can express the effective dark energy EoS parameter in terms of the normalized Hubble parameter [39] 
where Ω m (a) =
. Inserting the second equality of Eq.(62) into Eq.(66), the effective dark energy EoS parameter takes the following form (see [40] ):
which implies that any modifications to the effective EoS parameter are included in the second term of Eq. (67). Inserting Eq. (62) into Eq. (67) it is straightforward to obtain a simple analytical expression for the effective dark energy EoS parameter: (68)
The total case
Our dynamical system is integrable in the case of a single perfect fluid. Here, we introduce two perfect fluids (for example dust and radiation). Consider that we have dust (w m = 0) and another perfect fluid with equation of state parameter P f = w f ρ f (for radiation w f = 1/3), and
The latter implies that the equation of state parameter which is associated with the two perfect fluids is
that is, γ = 1 +w m and µ = −1 +w m . When w f > 0 we have thatw m > 0 and when w f < 0 holds we havew m < 0. We replace (69) in (59) and perform a Taylor expansion nearw m = 0 (γ = 1 or µ = −1). We find
where the normalized Hubble parameter E 
DYNAMICAL ANALYSIS
In order to complete our analysis of the model with Lagrangian (38), we perform a dynamical analysis of the field equations by studying the fixed points of the field equations. We introduce the new dimensionless variables [2, 41] 
and the lapse time N = ln a. In the new variables the field equations reduce to the following first-order ODEs where Γ =
and the Friedmann equation (6) gives the constraint Ω m = 1 − Ω φ , where
In this case the second Friedmann equation (7) becomes
which gives that the total EoS parameter w tot as a function of w m , x and y:
Furthermore, the EoS parameter w φ for the scalar field is w φ = x 2 −y 2 x 2 +y 2 . Note that at any point (x 0 , y 0 , λ) , from (75) the solution of the scalar factor is a power law as long as w tot = const.; that is, a (t) ∝ t 2 3(1+w tot ) for w tot = −1 and a (t) = a 0 e H0t for w tot = −1 . In the following we consider in (38) β = 0, then the potential of the scalar field is V (φ) = V 0 cosh q (pφ) [42] [43] [44] .
For this potential we write Γ (φ) as a function of λ, i.e. Γ (λ) = 1 + 
Equations (72), (73) and (77) describe an autonomous dynamical system in the E 3 space. Furthermore from the constraints 0 ≤ Ω φ ≤ 1, y ≥ 0, the variables (x, y) are bounded in the ranges x ∈ [−1, 1], y ∈ [0, 1] from which follows that that the points (x, y) belong to a half disk; however for the parameter λ there is no constraint that implies that λ ∈ R [41, 45] . In the following we consider w m ∈ (−1, 1) . The fixed points of the dynamical system (72), (73) and (77) and the corresponding cosmological parameters are given in Table I . The eigenvalues of the linearized dynamical system near the fixed points are given in table II 4 . Point O exists for all values of the parameter λ and corresponds to the matter epoch (Ω m = 1) ; the total EoS parameter is w tot = w m . Since there exists at least one positive eigenvalue, m 2 > 0, the point O is always unstable. At this point the universe accelerates if and only if w m < − 
, − 
by the kinetic energy of the scalar field (Ω m = 1, V (φ) = 0) which means that the scalar field acts as a stiff fluid, i.e. ρ φ ∝ a −6 which provides a decelerating universe. These points exist when λ = ±qp, for arbitrary q, p. For these points there exist positive eigenvalues of the linearized system, m 1 > 0, for w m ∈ (−1, 1), hence these critical points are always unstable.
Point C is the de Sitter solution, (Ω m = 0, w tot = −1) where the scalar field acts as a cosmological constant. This point exists for all values of the constants q, p and could be the future attractor of the universe. From the eigenvalues of Table II for that point we have that it is stable when q > 0. The points D (±) corresponds to a scalar field dominated universe (Ω φ = 0) and exist only when |qp| < √ 6. The total EoS parameter is that of the scalar field
which gives an accelerated universe when |qp| < √ 2. The points D (±) are stable for q < 0 and |qp| < 3 (1 + w m ). Hence, we see that D (±) are stable points and describe an accelerated universe when w φ < − 1 3 and |qp| < √ 2. Furthermore, in the limit q → 0 − , these points correspond to the de Sitter universe; when q → 0 − then V (φ) → V 0 . Finally, the points E (±,±) are the so called 'scaling' solutions where Ω m = 1 − 3(1+wm) (qp) 2 and the scalar field mimics the matter component of the universe, i.e. w φ = w m . The points E (±,+) exist when qp > 3 (1 + w m ) and they are stable when q, p < 0 whereas the points E (±,−) exist when qp < − 3 (1 + w m ) and are stable when q < 0, p > 0. The total EoS parameter is w tot = w m so they lead to an accelerated universe when w m < − 1 3 . In fig. 3 , we give the two-dimensional phase portrait in the x − y plane and the three-dimensional phase portrait of the model with values (p, q, w m ) = (1, −1.5, 0) and (p, q, w m ) = (1, −3, 0). We observe that for (pq) 2 < 3 the two stable points are the points D (±) whereas for (pq) 2 > 3 the stable points are E (±,−) . It is important to study the case when the constants q = q (µ) , p = p (µ) , w m = w m (µ) are related to the constant µ so as to render the field equations integrable (44) . This is the case we studied in the previous section. Since we considered w m ∈ (−1, 1) we have that µ ∈ (−2, 0).
Hence, for the integrable case we have that the points O, A (±) , B (±) , D (±) exist and they are always unstable. The point O has w tot < − . The point C exists and it is the unique stable point. Finally, the tracker solutions, i.e. points E (±,±) , do not exist for µ ∈ (−2, 0). The existence and the stability of the fixed points for general values q, p and for the integrable case q = q (µ) , p = p (µ) , w m = w m (µ) are given in Table III .
In fig. 4 we give the two-dimensional phase portrait in the x − y plane and the three-dimensional phase portrait of the the model with values (p, q, w m ) = − 2 > 3, the stable points are the points E (±) (scaling solutions) while for (pq) 2 < 3 the two stable points are the points D±. The solid lines are for the initial condition λ = pq, the dashed lines for λ = −pq, and the dotted lines for λ = 0. 
C is the unique stable point. We observe that the points D (±) act as attractors in the plane (x − y) for λ = ± √ 6 2 and the solutions reach the boundary where Ω m = 0, and move to the de Sitter points (w φ = −1). It is important to note that the existence of conservation laws in the field equations which follow from the Lie symmetries of the WdW equation, i.e. the dynamical system is Liouville integrable, gives us constraints on the free parameters of the model so that there exists a unique stable point which describes the de Sitter universe.
CONCLUSIONS
We have applied knowledge of Lie and Noether symmetries with an attempt to extend the original works of Rubano and Barrow [3] and Paliathanasis et al. [16] for a general family of potentials, V (φ). We have shown that there exists a unique connection between the Lie point symmetries of the WdW equation and the conservation laws of the field equations. We considered a general form of V (φ) which contains hyperbolic functions for a scalar field with a perfect fluid and we have investigated the existence of Lie point symmetries of the WdW equation. This approach is more . From the right-hand plot we observe that the solutions reach a boundary where Ωm0 = 0, w φ > −1 and from there they move to the de Sitter point C. The solid lines are for initial condition λ = pq, the dashed lines for λ = −pq, and the dotted lines for λ = 0.
general than the application of Noether's theorem. We confirm the result of ref. [3] that, amongst the variety of V (φ) potentials, the hyperbolic types play a key role in scalar field cosmology since they admit conservation laws. Moreover, based on the Lie symmetries of the WdW equation, we have obtained the exact solutions of the field equations. Finally, we have performed a dynamical analysis by studying the fixed points of the field equations in the dimensionless variables. We found various dynamical cases among which, if the current cosmological model is Liouville integrable (i.e. admits conservation laws), there is a unique stable point which describes the de-Sitter universe as a late-time attractor for the dynamics. 
From the solution of the Hamilton-Jacobi function (B6) we can reduce the equivalent Hamiltonian system of the field equation to the following system of first order equationṡ
where p x = ∂S ∂x and p y = ∂S ∂y . We note that for α = 1 the reduced Hamiltonian system iṡ
In both cases, in order to make the reduced system simpler, we apply the transformation
and the system (B9)-(B10) becomes
For the exponential potential (α = 1), the corresponding system (B11)- (B12) is.
For the system (B15) (α = 1) we have the solution 
